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Modulation instability in high-order coupled nonlinear Schro¨dinger equations with
saturable nonlinearities
Erivelton O. Alves, Wesley B. Cardoso, and Ardiley T. Avelar
Instituto de Fı´sica, Universidade Federal de Goia´s, 74.001-970, Goiaˆnia, Goia´s, Brazil
The influence of a saturable nonlinearity on the modulation instability in oppositely directed cou-
pler in the presence of high-order effects is investigated. By using the standard linear stability analy-
sis, we obtain the instability gain that exhibits a significant change in the bands of instability due to
the effects of a saturable nonlinearity. We also show that even in the presence of saturation there is no
change in instability gain when we compare the results obtained for both channels not influenced by
self-steepening effect or for both channels influenced by self-steepening effect but opposite in sign.
Regarding the Raman effect, there is reflection symmetry (asymmetry) to the gain at zero perturba-
tion frequency when the values of the Raman coefficients in each directional coupler are equal and
with same (opposite) sign. For the anomalous group velocity dispersion regime we observe that the
growth of the saturation parameter is followed by an increase in the null gain region near Ω = 0,
enlarging the separation of the instability bands close to this point. Finally, we show that an efficient
control of the modulation instability can be realized by adjusting self-steepening effect and intrapulse
Raman scattering, even in the presence of a saturable nonlinearity.
PACS numbers: 05.45.-a, 42.65.Dr, 42.65.Sf, 42.65.Wi
I. INTRODUCTION
Modulational instability (MI) is a ubiquitous phe-
nomenon associated with an exponential growth of the
amplitude of a weak perturbed continuous wave in cer-
tain conditions during its propagation under the in-
terplay between diffraction (in spatial domain) or dis-
persion (in temporal domain) and nonlinearity. This
phenomenon has been observed and/or predicted in
various nonlinear systems such as plasma waves [1–
4], hydromagnetic waves [5], optical fibers [6, 7], dust-
acoustic and dust-ion-acoustic waves [8], noninstanta-
neous nonlinear media [9, 10], Bose-Einstein conden-
sates [11–14], liquid crystals [15], ocean waves [16, 17],
and so on. In nonlinear optics, MI has been studied in
lossy fibers [18], fiber gratings [19], for incoherent light
[9], and second harmonic generation [20]; and with dif-
ferent type of the nonlinear response such as integrat-
ing [21], nonlocal [22], quadratic [23], cubic-quintic [24],
varying [25], and saturable one [26, 27], and so on. In ad-
dition, a train of solitons can emerge from a system that
presents MI allowing us to generate subpicosecond soli-
tonlike optical pulses, such as those presented in [28, 29].
A historical review on this subject can be found in [30].
Coupled systems is also a good candidate for the in-
vestigation of MI and several studies have been pro-
posed in this type of systems, such as the paramet-
ric amplification and MI in dispersive nonlinear direc-
tional couplers made from two (or more) coupled guid-
ing channels (e.g., two physically distinct waveguides
or two polarization modes) exhibiting an intensity-
dependent refractive index with relaxing nonlinearity
[31], wide beam stabilities and instabilities in one di-
mensional arrays of Kerr-nonlinear channel waveguides
[32], MI in two-core optical fibers incorporating the ef-
fects of coupling-coefficient dispersion [33], MI in bire-
fringent two-core optical fibers [34], the role of the
coupling-induced group velocity dispersion on the MI
in a silicon-on-insulator directional coupler [35], MI in a
twin-core fiber with the effect of saturable nonlinear re-
sponse and coupling coefficient dispersion [36], the in-
vestigation of the dynamic properties of a nonlinear di-
rectional coupler made of Kerr materials inducing MI
was presented in Ref. [37], the interplay between relax-
ation of nonlinear response and coupling coefficient dis-
persion in the MI of dual core optical fiber [38], MI in an
array of positive- and negative-index waveguides [39],
MI in nonlinear positive-negative index couplers with
saturable nonlinearity [40], MI of copropagating light
beams induced by cubic-quintic nonlinearity in nonlin-
ear negative-index material [41], MI in nonlinear oppo-
sitely directed coupler with a negative-index metamate-
rial channel [42], and so on. Furthermore, some systems
can exhibit significant changes in the spectrum of the MI
due to higher order effects [43–50]. To be specific, the
influence of self-steepening and intrapulse Raman scat-
tering on MI in oppositely directed coupler was studied
[46].
Regarding to the effects of a nonlinear saturation
present in some physical systems of interest, the band of
instability may present significant changes in its ampli-
tude and/or shape, and may even vanishing. This has
motivated to investigate theMI in several saturable non-
linear systems such aswaveguides [27, 51], optical fibers
[36, 52], negative refractive metamaterial [53], metama-
terials [50, 54, 55], optical fibers with higher-order dis-
persion [49, 56, 57], fibers with saturable delayed nonlin-
ear response [58], positive-negative index couplers [40],
semiconductor-doped glass fibers [26], and liquid-core
photonic crystal fibers [59].
2The aim of the present work is to investigate the in-
fluence of a saturable nonlinearity on the MI in oppo-
sitely directed coupler in the presence of high-order ef-
fects. As a particular case of our model, in the absence
of saturation the system should present similar results
to those obtained in [46] for the effects of self-steepening
and intrapulse Raman scattering on the MI.
The paper is organized as follows: We introduce the
theoretical model and present the analytical results for
the power gain in the next section; in Sec. III we display
the numerical results, in which we check the influence of
self-steepening and intrapulse Raman scattering on the
MI in Subsecs. III A and III B, respectively. Our conclu-
sions are shown in Sec. IV.
II. THEORETICAL MODEL
The model that describes the propagation of a high
intense optical beam in oppositely directed coupler
is given by the pair of linearly coupled nonlinear
Schro¨dinger equations (CNLSE) with the form [36, 46]:
iσ1
∂u1
∂z
− β21
2
∂2u1
∂x2
+ κ12u2e
−iδz + γ1{ f (Γ|u1|2)u1+
is1
∂( f (Γ|u1|2)u1)
∂x
− TR1u1 ∂( f (Γ|u1|
2))
∂x
} = 0, (1a)
iσ2
∂u2
∂z
− β22
2
∂2u2
∂x2
+ κ21u1e
iδz + γ2{ f (|Γu2|2)u2
+ is2
∂( f (Γ|u2|2)u2)
∂x
− TR2u2 ∂( f (|Γu2|
2))
∂x
} = 0, (1b)
where σ1 and σ2 indicate the sign of refractive index
in channel-1 and channel-2 of the coupler, respectively.
In order to compare the results obtained by our model
with those presented in Ref. [46], we consider here the
channel-1 made by positive index material and channel-
2 by negative index material, hence σ1 = 1 and σ2 = −1;
β21 and β22 are group velocity dispersion coefficients,
u1(z, x) and u2(z, x) stand for the normalized complex
amplitude of the modes in channels 1 and 2, κ12 and κ21
are linear coupling coefficients, δ = β1 − β2, where β1
and β2 represent the propagation constants of the in-
dividual channels; γ1 and γ2 are the nonlinear coeffi-
cients related to self-phase modulation, s1 and s2 repre-
sent self-steepening effects, and TR1 and TR2 are respon-
sible for the Raman-induced frequency shift, induced by
intrapulse Raman scattering. Also, in this model we ne-
glect the cross-phase modulation effects.
To be more specific, in the next steps, the functions
f (Γ|u1|2) and f (Γ|u2|2) standing for the dependence of
the refractive index with the intensity of the incident ra-
diation will be described by a model widely used in the
literature describing the saturable nonlinearity as fol-
lows [56, 60, 61]
f (Γ|uj|2) =
|uj|2
1+ Γ|uj|2
, (2)
where Γ = 1/PS is the saturation parameter with Ps be-
ing the saturation power.
A. Modulation instability
In order to verify the influence of a saturable non-
linearity on the MI we use the standard linear stability
analysis. The basic idea of linear stability analysis is to
perturb a continuous wave solution and then analyze
whether this small perturbation grows or decays with
propagation. For this, consider that the steady-state so-
lutions of Eqs. (1a) and (1b) can be written as
u1(z) = a1e
iqze−i
δ
2 z, (3a)
u2(z) = a2e
iqzei
δ
2 z, (3b)
with aj =
√
Pj , and Pj is the input power in the coupler
j = 1, 2. By inserting the Eqs. (3a) and (3b) in Eqs. (1a)
and (1b) one obtains the terms q and δ given by
q =
1
2
[
κ12h− κ21h−1 + γ1R1+ ΓR −
γ2Rh
2
1+ ΓRh2
]
, (4a)
δ = −
[
κ21h
−1 + κ12h+
γ1R
1+ ΓR
+
γ2Rh
2
1+ ΓRh2
]
, (4b)
where h ≡ a2/a1, which describes how the total power
P = a21 + a
2
2 is divided between forward and backward
propagating waves, and R ≡ P/(1+ h2).
Next, we assume the stead-state solutions (3a) and
(3b) can be perturbed by the functions αj(z, x), such that
u1(z, x) = [a1 + α1(z, x)] e
iqze−i
δ
2 z, (5a)
u2(z, x) = [a2 + α2(z, x)] e
iqzei
δ
2 z, (5b)
where αi(z, x) is a small perturbation satisfying
|αi(z, x)| ≪
√
Pi. Now, consider the perturbation terms
as combinations of plane waves with the following form
αj(z, x) = cje
i[Kz−Ωx]+ dje−i[Kz−Ωx], (6)
where K and Ω are wave-vector and frequency of per-
turbation amplitude. Thus, inserting the Eqs.(5a) and
3Figure 1. (Color online) Instability gain spectra in normal group velocity dispersion regime as function of saturation parameter
under different combinations of s1 and s2 when P = 10kW, γ1 = γ2 = 1/(kWm), and κ12 = κ21 = 10m
−1 with (a) s1 = s2 = 0,
(b) s1 = 0 and s2 = 1 ps/(kWm), (c) s1 = s2 = 1 ps/(kWm), and (d) s1 = −s2 = 1 ps/(kWm). The saturation parameter values
used herein are: Γ = 0 in solid-line (gray), Γ = 0.1 kW−1 in dashed-line (red), and Γ = 0.4 kW−1 in dotted-line (black). The other
parameters are TR1 = TR2 = 0 ps/(kWm), h = 1 and β21 = β22 = 1 ps
2m−1.
Figure 2. (Color online) Instability gain spectra in anomalous group velocity dispersion regime as function of saturation parameter
under different combinations of s1 and s2 when P = 10kW, γ1 = γ2 = 1/(kWm), and κ12 = κ21 = 10m
−1 with (a) s1 = s2 = 0,
(b) s1 = 0 and s2 = 1 ps/(kWm), (c) s1 = s2 = 1 ps/(kWm), and (d) s1 = −s2 = 1 ps/(kWm). The saturation parameter values
used herein are: Γ = 0 in solid-line (gray), Γ = 0.1 kW−1 in dashed-line (red), and Γ = 0.4 kW−1 in dotted-line (black). The other
parameters are TR1 = TR2 = 0 ps/(kWm), h = −1 and β21 = β22 = −1 ps2m−1.
(5b) in (1a) and (1b), after some mathematical manipu-
lations, one obtains the linearized equations
i
∂α1
∂z
− β21
2
∂2α1
∂x2
+
γ1R
(1+ ΓR)2
[α1(1+ ΓR) + α
∗
1 ]
− α1κ12h+ α2κ12 + iγ1s1R(1+ ΓR)2
[
∂α1
∂x
(2+ ΓR)
]
− γ1TR1R
(1+ Γ2 + 2ΓR)
∂α1
∂x
= 0, (7a)
− i ∂α2
∂z
− β22
2
∂2α2
∂x2
+
γ2Rh
2
(1+ ΓRh2)2
[
α2(1+ ΓRh
2) + α∗2
]
− α2κ21h−1 + α1κ21 + iγ2s2Rh
2
(1+ ΓRh2)2
[
∂α2
∂x
(2+ ΓRh2)
]
− γ2TR2Rh
2
(1+ Γ2 + 2ΓRh2)
∂α2
∂x
= 0. (7b)
Substituting Eq. (6) into Eqs. (7a) and (7b), one gets a set
of four linearly coupled equations satisfied by cj and dj.
This set of coupled equations can be written in matrix
form 

m11 m12 m13 m14
m21 m22 m23 m24
m31 m32 m33 m34
m41 m42 m43 m44




c1
c2
d1
d2

 = 0,
where the matrix elements are given by: m11 =
0; m12 =
γ2Rh
2
(1+ΓRh2)2
; m13 = κ21; m14 =
−K + β222 Ω2 − κ21h−1 + γ2Rh
2
(1+ΓRh2)
− γ2s2Rh2Ω(2+ΓRh2)
(1+ΓRh2)2
−
iγ2TR2Rh
2
Ω
(1+Γ2+2ΓRh2)
; m21 =
γ1R
(1+ΓR)2
; m22 = 0; m23 =
K+
β21
2 Ω
2 − κ12h+ γ1R(1+ΓR) −
γ1s1RΩ(2+ΓR)
(1+ΓR)2
− iγ1TR1RΩ
(1+Γ2+2ΓR)
;
m24 = κ12; m31 = κ21; m32 = K +
β22
2 Ω
2 − κ21h−1 +
γ2Rh
2
(1+ΓRh2)
+ γ2s2Rh
2
Ω(2+ΓRh2)
(1+ΓRh2)2
+ iγ2TR2Rh
2
Ω
(1+Γ2+2ΓRh2)
; m33 = 0;
m34 =
γ2Rh
2
(1+ΓRh2)2
; m41 = −K + β212 Ω2 − κ12h + γ1R(1+ΓR) +
γ1s1RΩ(2+ΓR)
(1+ΓR)2
+ iγ1TR1RΩ
(1+Γ2+2ΓR)
; m42 = κ12; m43 =
γ1R
(1+ΓR)2
;
and m44 = 0.
The determinant of the matrix M leads to a fourth or-
der polynomial in K, where the roots should possess a
nonzero and negative imaginary part that corresponds
to a dispersion relation. MI occurs when the wave num-
ber possesses a nonzero imaginary part leading to an ex-
ponential growth of the perturbed amplitude. The MI is
measured by power gain, and it is defined at any pump
frequency as [40]
G(Ω) ≡ |ℑ {Kmax} |, (8)
where ℑ{Kmax} denotes the imaginary part of the root
with the largest value Kmax(Ω).
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Figure 3. (Color online) Instability gain spectra showing the influence of the self-steepening effect in channel 1 (s2 = 0) in normal
group velocity dispersion regime for different values of saturation parameter. The other parameters are the same ones used in
Fig. 1.
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Figure 4. (Color online) Instability gain spectra showing the influence of the self-steepening effect in channel 1 (s2 = 0) in
anomalous group velocity dispersion regime for different values of saturation parameter. The other parameters are the same ones
used in Fig. 2.
III. NUMERICAL RESULTS
A. Effect of self-steepening on modulation instability
Firstly we focus on the influence of self-steepening ef-
fect on MI in oppositely directed coupler for different
values of saturation parameter. To this end, we omit the
Raman self-scattering effect by setting TR1 = TR2 = 0. In
Fig. 1 we consider MI in normal group velocity in dis-
persion regime under different combinations of s1 and
s2, considering h = 1 and β21 = β22 = 1 ps
2m−1, for
simplicity. Also, the MI for the anomalous case of group
velocity dispersion is illustrated in Fig. 2, where we
have used h = −1 and β21 = β22 = −1 ps2m−1. The
other parameters that we used were κ12 = κ21 = 10m
−1,
γ1 = γ2 = 1/(kWm), and P = 10 kW.
Normal group velocity dispersion - To be more specific,
in Fig. 1(a) we display the case without self-steepening
effects (s1 = s2 = 0) for three different values of satura-
tion parameter: Γ = 0 in solid-line (gray), Γ = 0.1 kW−1
in dashed-line (red), and Γ = 0.4 kW−1 in dotted-line
(black). These parameters are also used in Figs. 1(b)-
(d). Note in Fig. 1(a) that the instability spectra consists
of single conventional MI band centered at zero pertur-
bation frequency formed by balance between group ve-
locity dispersion and self-phase modulation. However,
when increasing the value of the saturation parameter
the instability gain decreases faster for frequencies near
to Ω = 0. We stress that in the present model, for the
normal group velocity dispersion regime, the instability
gain exists even if perturbation frequency is zero [46].
In Fig. 1(b) we study the self-steepening effect in
only one of the channels by tuning s1 = 0 and s2 =
1 ps/(kWm). In this figure is evident the influence of
the value of the saturation parameter on the number
of MI bands. The greater the value of this parameter
is, more centralized will be the gain region, thereby de-
creasing the amount ofMI bands. The results for the two
channels with the self-steepening effect are shown in
Fig. 1(c), where we have used s1 = s2 = 1 ps/(kWm).
Note that without saturation (Γ = 0) there are two MI
bands centered close to Ω = ±20 THz plus three close
to Ω = 0. By increasing the saturation parameter for
Γ = 0.1 kW−1 we observe only three bands centered
close to Ω = 0. And, when setting Γ = 0.4 kW−1 we see
the appearance of only one MI band. This is also evident
when one looks at Fig. 3, where we show a 3D surface of
the instability gain as a function of the perturbation fre-
quency and self-steepening parameter s1, for three dif-
ferent values of the saturation parameter, i.e., Γ = 0 in
Fig. 3(a), Γ = 0.1 kW−1 in Fig. 3(b), and Γ = 0.4 kW−1
in Fig. 3(c).
Fig. 1(d) displays the case in which both channels are
influenced by self-steepening effect but opposite in sign
(here we set s1 = −s2 = 1 ps/(kWm)). Note that, in
Fig. 1(d), as well as shown in Ref. [46] for the case with-
5Figure 5. (Color online) Instability gain spectra showing the effect of intrapulse Raman scattering in normal group velocity
dispersion regime (h = 1 and β21 = β22 = 1 ps
2m−1) for (a) TR1 = TR2 = 0.1 ps/(kWm) and (b) TR1 = −TR2 = 0.1 ps/(kWm)
and in anomalous group velocity dispersion regime (h = −1 and β21 = β22 = −1 ps2m−1) for (c) TR1 = TR2 = 0.1 ps/(kWm)
and (d) TR1 = −TR2 = 0.1 ps/(kWm). The other parameters are P = 10 kW, γ1 = γ2 = 1/(kWm), κ12 = κ21 = 10 m−1, and
s1 = s2 = 0. The saturation parameter values used herein are: Γ = 0 in solid-line (gray), Γ = 0.1 kW
−1 in dashed-line (red), and
Γ = 0.4 kW−1 in dotted-line (black).
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Figure 6. (Color online) Instability gain spectra versus the effect of intrapulse Raman scattering (with TR1 = TR2 = TR) in normal
group velocity dispersion regime for different values of saturation parameter. The other parameters are the same ones used in
Fig. 5(a).
out saturation, the gain presents a similar behavior to
the case where both channels are not influenced by self-
steepening effect (Fig. 1(a)). Indeed, we have observed
that the effective influence of self-steepening parameters
depends on its algebraic sum, i.e., this effect is canceled
in the gain shown by Fig. 1(d). This can be checked by
comparing the dashed or dotted-lines of Figs. 1(a) and
1(d).
Anomalous group velocity dispersion - Differently from
the normal dispersion, in the anomalous case there is no
instability gain at zero perturbation frequency. Also, as
previously verified [46], one can see in Fig. 2 that the
maximum gain and the band width are influenced by
the presence of self-steepening effect. However, when
saturation is present one can verify a gain reduction and
a separation of the bands. This is evident when one look
at the 3D surfaces of the instability gain for different
values of the saturation parameter: Γ = 0 in Fig. 4(a),
Γ = 0.1 kW−1 in Fig. 4(b), and Γ = 0.4 kW−1 in Fig. 4(c).
In Fig. 2(a) we display the case without self-
steepening effects (s1 = s2 = 0) for three different val-
ues of saturation parameter: Γ = 0 in solid-line (gray),
Γ = 0.1 kW−1 in dashed-line (red), and Γ = 0.4 kW−1 in
dotted-line (black). Note the differences we just men-
tioned comparing the Fig. 2(a) with Fig. 1(a). Also,
differently from the single null point that we obtain at
Ω = 0 for the case without saturation, in the presence
of saturation we observe a large hole in the gain region
near Ω = 0.
In Fig. 2(b) we show the self-steepening effect in
only one of the channels by tuning s1 = 0 and s2 =
1 ps/(kWm). By increasing the value of the saturation
parameter we observe a compactification of instability
bands, a result similar to that obtained for normal dis-
persion, but now with null gain for disturbance near
zero. This can also be seen in Fig. 2(c), in which we
consider two channels with the self-steepening effect (by
adjusting s1 = s2 = 1 ps/(kWm)).
The case in which both channels are influenced by
self-steepening effect but opposite in sign (considered
in Fig. 2(d) for s1 = −s2 = 1 ps/(kWm)) shows the
same behavior when compared to the case without self-
steepening effects (Fig. 2(a)).
B. Effect of intrapulse Ramam scattering on modulation
instability
Next, we study the effect of intrapulse Raman scat-
tering on MI in oppositely directed couplers as a func-
tion of saturation parameter. For this particular study,
we neglect the role of self-steepening effect (by setting
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Figure 7. (Color online) Instability gain spectra versus the effect of intrapulse Raman scattering (with TR1 = TR2 = TR) in
anomalous group velocity dispersion regime for different values of saturation parameter. The other parameters are the same ones
used in Fig. 5(c).
s1 = s2 = 0). Here, we use the same parameters used
in the previous subsection, i.e., κ12 = κ21 = 10 m
−1,
γ1 = γ2 = 1/(kWm), and P = 10 kW.
In Figs. 5(a) and 5(b) we consider MI in normal group
velocity in dispersion regime under an intrapulse Ra-
man scattering effect with amplitude TR1 = TR2 =
0.1 ps/(kWm) and TR1 = −TR2 = 0.1 ps/(kWm), re-
spectively, and considering h = 1 and β21 = β22 =
1 ps2m−1, for simplicity. Also, the MI for the anoma-
lous case of group velocity dispersion is illustrated in
Figs. 5(c) and 5(d), where we have TR1 = TR2 =
0.1 ps/(kWm) and TR1 = −TR2 = 0.1 ps/(kWm), re-
spectively, plus h = −1 and β21 = β22 = −1 ps2m−1.
The solid-lines (gray) in Figs. 5(a)-(d) represent the cases
without saturation effect (Γ = 0) while in the dashed-
lines (red) and dotted-lines (black) we analyzed the ef-
fects of the saturation characterized by the parameters
Γ = 0.1 kW−1 and Γ = 0.4 kW−1, respectively. Note
that in the absence of intrapulse Raman scattering, one
retrieves the results shown in Figs. 1(a) and 2(a) for the
cases of normal and anomalous dispersion, respectively.
Then, by comparing the Figs. 5(a)-(d)with Figs. 1(a) and
2(a) one observes the appearance of a tail for highest per-
turbation frequencies that makes de instability gain to
increase linearly in these regions. However, by increas-
ing the saturation effect the maximum in these instabil-
ity gain are reduced also in its tails (see dashed-lines and
dotted lines in Fig. 5). Also, differently from the cases
shown in Figs. 5(a) and 5(c), when the Raman scattering
coefficients are opposite in sign therewill be a symmetry
breaking in the gain regions (Figs. 5(b) and 5(d)).
Finally, by increasing the Raman scattering intrapulse
will cause a linear increase in the maximum MI in the
tail regions while maintaining the core bands largely
unchanged. This can be visualized in the 3D surfaces
shown in Figs. 6 and 7 for the cases of normal and
anomalous dispersion, respectively, with TR1 = TR2 =
TR and for three values of the saturation parameter.
IV. CONCLUSION
To summarize we have studied the modulation insta-
bility in oppositely directed coupler with higher-order
effects and saturable nonlinearities for both normal and
anomalous group velocity dispersion regimes. It is
found that the instability bands under saturation ef-
fects, besides reducing its amplitude, it also makes the
bands gathered together around the zero perturbation
frequency when the system presents self-steepening ef-
fects. However, in anomalous group velocity dispersion
regime this compactification due to the growth of the
saturation parameter is followed by an increase in the
null gain region near Ω = 0, enlarging the separation of
the instability bands close to this point.
In the case of intrapulse Raman scattering, new insta-
bility regions are created in the tail of the original MI
bands (by original bands we emphasize the case with-
out this effect). In this case the saturation effects causes
a change in the center of the gain region decreasing
the width of the bands, followed by an attenuation in
the amplitude of the instability gain. Also, the sym-
metry shown in the MI regions, when the Raman scat-
tering coefficients are equal in sign, are broken for Ra-
man scattering coefficients opposite in sign. Finally, the
present study reinforces those results presented in Ref.
[46] providing a new way to generate solitons or ul-
trashort pulses in oppositely directed coupler with sat-
urable nonlinearities.
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